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Abstract
For a Tychonoff space X, we denote by Ck(X) the space of all real-valued continuous functions on X with the compact open
topology. A space X is said to be κ-Fréchet Urysohn if for every open subset U of X and every x ∈ U , there exists a sequence
{xn}n∈ω ⊂ U converging to x. In this paper, we show that Ck(X) is κ-Fréchet Urysohn iff every moving off family of compact
subsets of X has a countable subfamily which is strongly compact-finite. In particular, we obtain that every stratifiable Baire space
Ck(X) is an M1-space.
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1. Introduction
We assume that all spaces are Tychonoff. We denote by R the space of real numbers with the usual topology. The
letter N is the set of natural numbers. Unexplained notions and terminology are the same as in [1].
For a space X, we denote by Ck(X) (Cp(X)) the space of all real-valued continuous functions on X with the
compact open topology (the topology of pointwise convergence). Basic open sets of Ck(X) are of the form
[K1, . . . ,Kn;U1, . . . ,Un] =
{
f ∈ Ck(X): f (Ki) ⊂ Ui, i = 1,2, . . . , n
}
,
where each Ki is a non-empty compact subset of X and each Ui is a non-empty open subset of R. We denote by c0 the
constant function of X to the real number 0. The family of the form [K; (−1/n,1/n)] is a neighborhood base at c0.
Note that Ck(X)(Cp(X)) is homogeneous.
A space X is said to be κ-Fréchet Urysohn if for every open subset U of X and every x ∈ U , there exists a sequence
{xn}n∈ω ⊂ U converging to x. The letter “κ” is not a cardinality. This notion was introduced during a seminar at Ohio
University by A.V. Arhangel’skii as a natural extension of κ-pseudocharacter. Obviously every Fréchet Urysohn space
is κ-Fréchet Urysohn. An arbitrary power of R is κ-Fréchet Urysohn by [11, Theorem 3.1]. We should note that not
every subspace of a κ-Fréchet Urysohn space is κ-Fréchet Urysohn, even if it is closed. Some interesting results on
κ-Fréchet Urysohn spaces were given in [7].
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Theorem 2] that Cp(X) is Fréchet Urysohn iff X has property (γ ) (i.e. every open ω-cover of X contains a sequence
{Un}n∈ω with X =⋃n∈ω
⋂
mn Um), where an open ω-cover of X is a family of open subsets of X such that every
finite subset of X is contained in some member of the family. A similar characterization for Ck(X) is known, see
[4–6].
A family {Aα}α∈λ of subsets of a set X is said to be point-finite if for every x ∈ X, {α: x ∈ Aα} is finite. A family
{Aα}α∈λ of subsets of a space X is said to be strongly point-finite if for every α ∈ λ, there exists an open set Uα of X
such that Aα ⊂ Uα and {Uα: α ∈ λ} is point-finite. By using this notion, the author gave the following characterization
of the κ-Fréchet Urysohn property of Cp(X).
Theorem 1.1. [12] For a space X, the following are equivalent:
(1) Cp(X) is κ-Fréchet Urysohn;
(2) The sequential closure of any open set of Cp(X) is closed;
(3) Every pairwise disjoint sequence of finite subsets of X has a strongly point-finite subsequence.
For example, Cp(R) is not κ-Fréchet Urysohn, while Cp(X) is κ-Fréchet Urysohn for every λ-set X ⊂ R (see [9]
for information about λ-sets).
2. κ-Fréchet Urysohn property of Ck(X)
In this section, we give a characterization of the κ-Fréchet Urysohn property of Ck(X) and compare a characteri-
zation of the Baire property of Ck(X).
According to [8], a family F of non-empty subsets of a space X is said to be moving off if for each compact set
K ⊂ X, there exists F ∈F with K ∩ F = ∅. In the original definition due to McCoy and Ntantu, a moving off family
consists of compact sets. But, in this paper a moving off family may consist of non-compact sets. A family F of
non-empty subsets of a space X is said to be strongly moving off if for every F ∈F , there exists an open set U(F) of
X such that F ⊂ U(F) and {U(F): F ∈F} is moving off.
For our characterization on κ-Fréchet Urysohn property, the notion of open countable tightness is needed. A space
X is said to have open countable tightness if x ∈ A and A open in X imply that there exists a countable set B ⊂ A
with x ∈ B; this notion was originally introduced by A.V. Arhangel’skii. This is, of course, weaker than countable
tightness.
Proposition 2.1. For a space X, the following are equivalent:
(1) Ck(X) has open countable tightness;
(2) Every moving off family of compact subsets of X has a countable subfamily which is strongly moving off.
Proof. Assume that Ck(X) has open countable tightness. Let K be a moving off family of compact subsets of X.
Then the open set G = ⋃K∈K[K; (1,∞)] of Ck(X) satisfies c0 ∈ G − G. Take {fn}n∈ω ⊂ G with c0 ∈ {fn}n∈ω.
Suppose fn ∈ [Kn; (1,∞)], where Kn ∈ K. Let Un = f −1n (1,∞) for n ∈ ω. For any compact set K ⊂ X, we take
some fn ∈ [K; (−∞,1)]. Then K ∩ Un = ∅. Thus {Kn}n∈ω is strongly moving off.
The converse can be proved by the same way as the implication (4) → (1) in Theorem 2.3 below. So we omit the
proof. 
For a subset A of a space X, let s0(A) = A and for each α ∈ ω1, we take sα(A) to be the set of limits of convergent
sequences in
⋃
β∈α sβ(A). The set s(A) =
⋃
α∈ω1 sα(A) is said to be the sequential closure of A. In other words,
the sequential closure of A is the smallest subset of X including A and closed under limits of convergent sequences.
A sequential space is a space satisfying A = s(A) for any subset A.
It is well known that every sequential space has countable tightness. Similarly we can easily see the following fact.
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A family {Aα}α∈λ of subsets of a set X is said to be compact-finite if for every compact K ⊂ X, {α: K ∩ Aα = ∅}
is finite. A family {Aα}α∈λ of subsets of a space X is said to be strongly compact-finite if for every α ∈ λ, there exists
an open set Uα of X such that Aα ⊂ Uα and {Uα}α∈λ is compact-finite.
Theorem 2.3. For a space X, the following are equivalent:
(1) Ck(X) is κ-Fréchet Urysohn;
(2) The sequential closure of any open set of Ck(X) is closed;
(3) Every moving off family of compact subsets of X has a countable subfamily which is strongly compact-finite;
(4) For every sequence {Kn}n∈ω of moving off families of compact subsets of X, there exist Kn ∈ Kn such that
{Kn}n∈ω is strongly compact-finite.
Proof. The implication (1) → (2) is obvious.
(2) → (3): Suppose the condition (2) and there exists a moving off family K of compact subsets of X such that
any countable subfamily of K is not strongly compact-finite. By Lemma 2.2, Ck(X) has open countable tightness.
It follows from Proposition 2.1 that K has a countable subfamily L = {Kn}n∈ω which is strongly moving off (in
particular, moving off). We will observe the sequential closure of the open set G = ⋃n∈ω Gn, where Gn = [Kn;
(n + 1,∞)]. For any infinite A ⊂ ω and any fn ∈ Gn = [Kn; [n + 1,∞)] for n ∈ A, since the open fam-
ily {f −1n (n,∞): n ∈ A} is not compact-finite, there exist a compact set K and an infinite B ⊂ A such that
K ∩ f −1n (n,∞) = ∅ for n ∈ B . For any g ∈ Ck(X), take a real number r with r > max g(K), and consider the
neighborhood [K; (−∞, r)] of g. Then obviously [K; (−∞, r)] ∩ {fn}n∈B is finite. It follows that {fn}n∈B is closed
and discrete in Ck(X). This observation implies s1(G) =⋃n∈ω s1(Gn). By induction, we obtain s(G) =
⋃
n∈ω s(Gn).
Since L is moving off, c0 ∈ G, while c0 /∈ s(G) by our observation. Thus the sequential closure of G is not closed in
Ck(X), which is a contradiction.
(3) → (4): This implication can be proved by the same way as Theorem 3.1 in [3]. Let {Kn}n∈ω be moving off
families of compact subsets of X. By the condition (3), we may put Kn = {Knj }j∈ω. For each n ∈ N, let
Ln =
{
K0n ∪ K1j1 ∪ · · · ∪ Knjn : Kiji ∈Ki , ji ∈ ω, 1 i  n
}
.
Since
⋃
n∈NLn is a moving off family of compact subsets of X, we can take a sequence n0 < n1 < · · · of natural
numbers and Lj ∈ Lnj such that {Lj }j∈ω is strongly compact-finite. Hence we can easily find Knjn ∈ Kn such that{Knjn}n∈ω is strongly compact-finite.
(4) → (1): Suppose c0 ∈ G − G, where G is open in Ck(X). For each f ∈ G, take {C0(f ), . . . ,Cn(f )(f )} of
non-empty compact sets of X and {W0(f ), . . . ,Wn(f )(f )} of non-empty open sets of R such that
f ∈ [C0(f ), . . . ,Cn(f )(f );W0(f ), . . . ,Wn(f )(f )
]⊂ G.
Let K(f ) = C0(f ) ∪ · · · ∪ Cn(f )(f ). For each f ∈ G and l ∈ N, let C(f, l) = K(f ) − f −1(−1/l,1/l) and let
Kl = {C(f, l): f ∈ G}.
We put I0 = {l ∈ N: ∅ ∈Kl} and I1 = {l ∈ N: ∅ /∈Kl}.
Assume that I0 is infinite. For l ∈ I0, take some fl ∈ G with C(fl, l) = ∅. Let gl :X → [0,1] be a continuous
function such that gl(x) = 1 for x ∈ K(fl) and gl(x) = 0 for x ∈ X − f −1l (−1/l,1/l). Let hl = fl · gl , obviously
hl ∈ G and hl(X) ⊂ (−1/l,1/l), so {hl : l ∈ I0} uniformly converges to c0.
Assume that I1 is infinite. Let l ∈ I1 and K be any compact set of X. Take some f ∈ [K; (−1/l,1/l)] ∩ G,
then K ∩ C(f, l) = ∅. Thus each Kl is moving off for l ∈ I1. By the assumption (4), we can take C(fl, l) ∈ Kl
such that {C(fl, l): l ∈ I1} is strongly compact-finite. Let {Ul : l ∈ I1} be a compact-finite open family of X with
C(fl, l) ⊂ Ul . Let gl :X → [0,1] be a continuous function such that gl(x) = 1 for x ∈ K(fl) and gl(x) = 0 for
x ∈ X − (Ul ∪ f −1l (−1/l,1/l)). Let hl = fl · gl , obviously hl ∈ G. The sequence {hl : l ∈ I1} converges to c0.
Indeed, let K be any compact set of X and let n ∈ N. Since {Ul : l ∈ I1} is compact-finite, there exists l0 ∈ I1 such
that l0 > n and for every l  l0 with l ∈ I1, K ∩ Ul = ∅. For any l  l0 with l ∈ I1, hl(x) = fl(x) · gl(x) = 0 for
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Corollary 2.4. Let X be a space satisfying that every sequence {xn}n∈ω of X contains a subsequence whose closure
is compact. If Ck(X) is κ-Fréchet Urysohn, then X is compact.
Proof. Suppose that X is not compact. Then the family {{x}: x ∈ X} is moving off. Hence there exists a countable
subfamily {{xn}}n∈ω which is compact-finite. But the closure of some subsequence {{xnj }}j∈ω is compact, which is a
contradiction. 
By the corollary above, Ck(ω1) is not κ-Fréchet Urysohn.
A space X is said to be a Baire space if for each sequence {Gn}n∈ω of open dense subsets of X, ⋂n∈ω Gn is dense
in X. Recall that a family {Aα}α∈λ of subsets of a space X is said to be strongly discrete if for every α ∈ λ, there
exists an open set Uα of X such that Aα ⊂ Uα and {Uα}α∈λ is discrete in X [8]. McCoy and Ntantu proved in [8,
Theorem 5.2.5] that, if Ck(X) is a Baire space, then every moving off family of compact subsets of X has a countable
subfamily which is strongly discrete, and Gruenhage and Ma proved in [3, Main Theorem] that the converse is true
for a q-space X, where a space X is said to be a q-space if for each x ∈ X there exists a sequence {Un}n∈ω of open
neighborhoods of x such that whenever xn ∈ Un for n ∈ ω, the set {xn}n∈ω has a cluster point in X. It is known that a
space X is a q-space iff for each x ∈ X there exists a countably compact closed subset K of X such that x ∈ K and
χ(K,X) ω.
The following follows from Theorem 2.3.
Proposition 2.5.
(1) If Ck(X) is a Baire space, then it is κ-Fréchet Urysohn;
(2) If Ck(X) is κ-Fréchet Urysohn and X is both a q-space and a k-space, then Ck(X) is a Baire space and X is
locally compact.
Proof. (1) Note that a discrete family is compact-finite.
(2) It is easy to check that every compact-finite family of closed sets in a k-space is locally finite. Hence, by [3,
Main Theorem], Ck(X) is a Baire space, moreover X is locally compact by [3, Theorem 2.4]. 
K. Tamano proved in [14] that every Fréchet Urysohn, stratifiable Baire space is an M1-space. Later, by introducing
a weaker property (∗) than κ-Fréchet Urysohn property, T. Mizokami showed in [10] that every stratifiable space with
(∗) is an M1-space. By combining Mizokami’s result and Proposition 2.5(1), we obtain the following.
Corollary 2.6. If Ck(X) is a stratifiable Baire space, then Ck(X) is an M1-space.
Example 2.7. Let X be the space constructed in [13]. The space X is an infinite pseudocompact space such that
every countable subset of X is closed and discrete in X. Let K be any moving off family of compact subsets of X.
Take a pairwise disjoint countable subfamily {Kn}n∈ω ⊂ K. Since each compact subset of X is finite and every
countable subset of X is closed, we can take a pairwise disjoint open family {Un}n∈ω with Kn ⊂ Un. The family
{Un}n∈ω is compact-finite. Thus Ck(X) is κ-Fréchet Urysohn. But, since X is pseudocompact and non-compact, by
[8, Theorem 5.3.2], Ck(X) is not a Baire space.
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